Abstract. In this paper, we introduce the concept of completely positive matrix of linear maps on Hilbert A-modules over locally C * -algebras and prove an analogue of Stinespring theorem for it. We show that any two minimal Stinespring representations for such matrices are unitarily equivalent. Finally, we prove an analogue of the Radon-Nikodym theorem for this type of completely positive n × n matrices.
Introduction and preliminaries
The study of completely positive linear maps is motivated by applications of the theory of completely positive linear maps to quantum information theory, where operator valued completely positive linear maps on topological algebras with an involution are used as a mathematical model for quantum operations and quantum probability. In the article we deal with rather a wide class of algebras, which is called the class of locally C * -algebras. This class was first introduced by Inoue [7] . Later Phillips [15] showed that locally C * -algebras can be considered as inverse limits of C * -algebras. In recent years, Joiţa has provided a deep theory of Hilbert A -modules over locally C * -algebras; see [8, 9] . For basic information about locally C * -algebras and Hilbert modules over them the reader is referred to [6, 8] .
A linear map ϕ : A → B between locally C * -algebras is said to be positive, if ϕ(a * a) ≥ 0 for all a ∈ A . A completely positive map ϕ : A → B of locally C * -algebras is a linear map such that ϕ n : M n (A ) → M n (B) defined by ϕ n (a ij )) n i,j=1 = (ϕ(a ij )) n i,j=1 is positive. Stinespring [18] showed that a completely positive linear map ϕ from A to the C * -algebra L (H) of all bounded linear operators acting on a Hilbert space H is of the form ϕ(·) = S * π(·)S, where π is a * -representation of A on a Hilbert space K and S is a bounded linear operator from H to K. Nowadays, the theory of completely positive linear maps on Hilbert and Krein A-modules is a vast area of the modern analysis (see [3, 4, 5, 11, 12, 13, 14, 16] ).
Throughout the paper, we identify any n×n matrix (ϕ ij ) for all x, y ∈ M.
The matrix KSGNS construction
Let M be a Hilbert module over A and let H, K be locally Hilbert spaces. In all considerations below, we assume that for a locally C * -algebra A = lim
←−
A α the set S(A ) of all continuous C * seminorms on A coincides with the indexing set ∆, where
. . , n} be given continuous linear maps.
for every x, y ∈ M. Then we say that [Φ] is a [ϕ]-completely positive n × n matrix. The equality above needs clarification.
* is the adjoint of Φ ji (x). Thus, in equality 2.1, we have
we denote the set of all completely positive n × n matrices from M to L (H, K).
A α be a unital locally C * -algebra and M be a Hilbert 
Proof. At first, we prove the existence of π ϕ , H Φ and S
n the direct sum of n copies of the algebraic tensor product
Employing the Cauchy-Schwarz inequality, we observe that M α is a subspace of (
n /M α becomes a pre-Hilbert space with the inner product defined by
for every α ∈ ∆. The completion of (A α ⊗ alg H α ) n /M α with respect to the topology induced by this inner product is denoted by H Φ α . Observe that if M α ⊃ M β and α, β ∈ ∆ and therefore there is continuous embeddings j αβ :
α∈∆ and all other components are 0. Now we can define a linear map S
Let us denote by ξ a,i the element in lim
is a ⊗ ξ and all other components are 0. Let a ∈ A . Consider the linear map
The linear map π ϕ (a) can be extended by linearity and continuity to a linear map, denoted also by π ϕ (a), from
is showed in the same manner as in the proof of Theorem 3.3.2 of [9] . It is easy to check that π ϕ (a i )S
where
follows:
for all α ∈ ∆ and therefore π Φ (x) is well defined and continuous. Hence it can be extended to the whole of K Φ . Now we prove that π Φ is a representation. For showing this, let x, y ∈ M; a is , b jr ∈ A ; ξ is , η jr ∈ H;
) on a dense set and hence they are equal on
for every i ∈ {1, . . . , n}. Now we give a representation for [Φ] . For every x ∈ M and ξ ∈ H, we have 
. Such a representation is said to be minimal if 
are minimal Stinespring representations, which associated with the continuous * -
That is, the following diagram commutes, for all a ∈ A , x ∈ M, i ∈ {1, . . . , n}
Proof. Let us prove the existence of the unitary map
where a is ∈ A , ξ is ∈ H, m ∈ N. It is not difficult to check that U 1 is a surjective continuous operator. Denote the extension of U 1 to H by U 1 itself. Then U 1 is unitary and satisfies the condition in (1). Now define U 2 on the dense subspace spanned by
where x is ∈ M, ξ is ∈ H, m ∈ N. Using the fact that S i , S ′ i are continuous embeddings for every i ∈ {1, . . . , n} we have
and so
We can see that U 2 is well defined and can be extended to a unitary map. For showing this, consider
π(x ns )S n ξ ns 2 α for all α ∈ ∆. Hence U 2 is well defined and continuous, therefore U 2 can be extended to whole of K. We denote this extension by U 2 itself. Evidently U 2 is a surjective continuous operator. We notice that
We must recall that every representation π : M → L(H, K) has the property π(xa) = π(x)π(a) for every x ∈ M and a ∈ A . Utilizing the fact that π and π ′ are representations associated with π ϕ and (π ϕ ) ′ , respectively, we have
Radon-Nikodym type theorem
Consider a full Hilbert A -module M over a locally C * -algebra A and locally
for every x ∈ M. We remark that the relation ∼ is an equivalence relation on CP n (M, L (H, K)). 
for some continuous completely n-positive map (ϕ ij ). By [9, Theorem 4.1.8], there exists a unitary operator
for every i ∈ {1, . . . , n}. Observe that by the Theorem 2.2 the elements
x is ∈ M; ξ is ∈ H; 1 ≤ i ≤ n; 1 ≤ s ≤ m; m ∈ N, are dense in the locally Hilbert space K Φ . Now for all α ∈ ∆ we have
Since the elements
Ψ ni (x is )ξ is are dense in the locally Hilbert space K Ψ , there exists a continuous linear operator
on a dense subspace of K Φ . Hence it can be extended to the whole space K Φ and U 2 W Φ = W Ψ . Let us prove that for every x ∈ M the equality U 2 π Φ (x) = π Ψ (x)U 1 holds. To this end, take x ∈ M. We have
Since linear continuous operators U 2 π Φ (x) and π Ψ (x)U 1 coincide on a dense subspace of the space H Φ , they coincide on the whole space. Hence the unitarily equivalence of the Stinespring constructions is established.
On the other hand, assume that the Stinespring constructions of [Φ] and [Ψ] are unitarily equivalent. Take x ∈ M, i, j ∈ {1, . . . , n}. Then we may write
The following properties of the relation are evident:
Let H 1 , H 2 be locally Hilbert spaces with the same some index set ∆. By H 1 ⊕ H 2 we denote the direct sum topological vector spaces H 1 and H 2 .
Let Π : M → L (H 1 , H 2 ) be a representation of M on locally Hilbert spaces H 1 and H 2 . The set
is called the commutant of Π(M).
Proof. For every x, y ∈ M we may write
′ the operator N is uniquely determined by T .
′ and ζ ∈ C. We have
Clearly Π(M)
′ is a closed subalgebra of the locally C * -algebra L (H ⊕ K) and therefore Π(M)
′ is a locally C * -algebra. Take T ⊕ N ∈ Π(M) ′ . Then we have
Taking into account that the linear span of the set { x, y : x, y ∈ M} is dense in A we deduce that
The following noncommutative version of the Radon-Nikodym theorem is the main result of this section. 
Proof. Take the Stinespring constructions (π 
Φ ni (x is )ξ is are dense in the space K Φ , we deduce that there exists a unitary operator Q :
It is clear that Q α ≤ 1 for all α ∈ ∆. Now take an arbitrary element x ∈ M. Then
are dense in the locally Hilbert space H Φ we have Qπ
are dense in the locally Hilbert space K Φ we deduce that π Ψ (x) * Q = Rπ Φ (x) * . We define the operator ∆ Φ Ψ by ∆ Φ Ψ = ∆ 1 ⊕∆ 2 , where ∆ 1 = R * R and ∆ 2 = Q * Q. For every x ∈ M the following equalities hold:
The same equalities are true for the adjoint operator as
The same calculations as in Lemma 3.2 for every x ∈ M give us equalities
Hence, we deduce [2, 3, 12, 17] ).
